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Intended for teaching purposes, the phenomenon of diffusion in the presence of periodical sources is described, taking into account &
characteristic operatoﬁ‘(t), leading to a generalized hyperbolic equation. The essential features of the accompanying harmonic flux are
presented. For this purpose the solution to the problem is interpreted in terms of diffusion waves, a peculiar class of waves with complex
wave numbers whose generation, propagation and detection constitute the basis of modern analytical techniques able to measure optical ai
transport properties of materials in the condensed or gaseous phase. A generalized mathematical equation describing this kind of wave
is shown and the existence of critical modulation frequencies, at which the diffusive fluxes change their behaviour, is demonstrated for
different physical phenomena involving diffusion waves. The dispersion equation for diffusion waves is given, and different particular cases
in modulation frequency “spectrum” are discussed.
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Con propsitos de ensenza se describe el femeno de difugin en presencia de fuentes [aelicas teniendo en cuenta un operador car-
actefstico, F'(t), que conduce a una ecuaside difusbn hipertblica generalizada. Se presentan las cartieas fundamentales del flujo
de calor harranico asociado a ella. Para ello se interpreta la soiudel problema erétminos de ondas de dif@si, un tipo particular de
ondas con ameros de onda complejos y cuya gendracpropagadin y detecdn constituyen las bases dechicas an#éicas modernas
capaces de medir propiedadgsticas y de transporte de materiales en la fase condensada o gaseosa. Se presentaamanatemstica
generalizada para describir esta clase de ondas y se demuestra para diferénteadsrgue involucran las ondas de difusia existencia
de frecuencias de modulaci caractésticas a las cuales el flujo difusivo cambia suacéer. Se presenta la ecuatide dispergin y se
discuten diferentes casos particulares en el “espectro” de frecuencia de madulaci

Descriptores:Difusion; fuentes petidicas; ecuadin de dispersin.

PACS: 51.20.+d; 66.10.Cb; 36.40.Sx; 68.35.Fx

1. Introduction 2. Theory

In the last 30 years, the concept of Diffusion Waves [1] has . . L
been increasingly used for the description of several physiconsider a sample where oscillatory wave fields;?) are

cal phenomena [2-9] for which the presence of a periodicallyenerated by a source with periodi(_:atlly modulated intensity,
varying source is common. Therefore, many authors hav@" driving force [1], of the formp ()&, wherew is the an-
adopted the concepts of wave physics that were used sygular modulation frequency; is the spatial coordinate, and

cessfully in the explanation of other periodic phenomena, td IS ime. The functionyr't) can be a thermal or temper-
interpret their experimental results. ature wave,T'(7t) [10]; or a charge carrier density wave,

The concept of waves is involved in many fields of sci-N(F’t) [11], in photothermal [3] experiments; a diffuse pho-

ence, and is becoming an integral part of the physics curricft-on density wave in a turbid medium excited by periodically

ula at different levels. The increasing use of concepts relateﬂi"_fraer light, u(r) [2], among others. These phenomena

to wave propagation in the teaching of physics argues in saWill be used as illustrative examples for the discussion. For

vor of their introduction whenever possible. As the analysisexample’ diffusion waves were used in the past in the analysis

of transport problems presented in standard textbooks doeoé compounq m|grat|on in stratified media [4]; in the study c.)f
not make systematic use of the wave treatment, it is the pupolegular diffusion processes by means (.)f pressure oscilla-
pose of this work to discuss some aspects of the so-callet(ﬁons In vacuum chamb_ers [5]; as well as in applications re-
diffusion waves,i.e., solutions of the diffusion equation in Iatgd to mass transport in metals [6], electrolytes [7.] anq dial-
the case of periodic modulated sources. A generalized equg—SIS m%mt}ja”ej [8]. tEarIy works lconcerm?gdthtla dlffﬁsmngf
tion is presented describing diffusion wave fields of a generazfl periodic flux of neutrons were also reported elsewhere [9].

nature. For time-varying harmonic sources, and based on the We shall assume, as is often encountered in the praxis,
dispersion relation, we shall emphasize some of the physicdhat the sample is homogeneous and isotropic, and its prop-
aspects related to the nature of the diffusion fields and theierties are constant throughout the changes in temperature in-
frequency dependence, attempting to present these questiovslved. The results achieved here can be extended by the in-
in a unified style so that their use for educational aims will beterested reader, with suitable modifications, to a more general
favored. situation.
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As mentioned in Ref. 1, the field distribution within the introduced as amd-hoc condition in order to account for
sample can be described by the homogeneous equation:  the discussion given above concerning the significance of the
, 1 9p(Ft) - . F(t) operator. .
Vip(rt) = 5= ~Fe@o=0, (1) We shall, from now on, consider a source of waves lo-
9 . ) . cated at the (semi-infinite) sample’s surface, and we shall re-
WhereV IS the Lap_lace operatoy, is the quﬂ_al coor(_j|- strict our analysis to the one-dimensional case,we shall
nate, t is time, F'(t) is an operator characterizing a given assume the source to be uniformly distributed across the sur-

phenomenon, and can be interpreted as a medium char-¢, .o Then we have to solve the equation resulting from sub-
acteristic transport parameter, usually a diffusion Coeﬁ'c'engtituting Eq. (2) in Eq. (1)i.e

in m?/s units. It becomes the material’s thermal diffusivity,

a, in the case of thermal waves, the carrier diffusion coeffi- 2o (z,t) 1 0p(x,t) 1 0%p(x,t)
cient, D,,, for plasma waves in semiconductors and the light o2 D Ot w2 o2
diffusion coefficient,D;, for a diffusing photon flux in turbid

media. — %0 (x,t) =0 3

A brief discussion concerning the operafoft) is intro- Now we shall try to explain the origin of the second
duced at this point. It is usually taken as a (real) scalar contime derivative term on the basis of the heat transport phe-
stant, say3”, given by the inverse of the squares of the diffu- nomenon, where it often appears. Note that when the wave
sion lengths of the wave's carriers [1F=1/L}, for plasma  field is the temperature, and f6?= 0, Eq. (3) becomes the
waves in semiconductors.e. the distance a free carrier \yell-known hyperbolic heat diffusion equation [13,14]. If, as
travels before it recombines with ones of opposite sign, ané consequence of the temperature gradient existing at each
F=1/L} for diffusing photon wavesie. the inverse of the time instant,, the heat flux appears only at a later instant,
distance a photon will travel under random motion until itis¢ 4+ + then Fourier's Law adopts the form:
absorbed by the medium. For thermal waves, on the other
hand, it is usually assumed th&t0, giving rise to instan- gzt +7)= 7k5T (z,1) (4)
taneous heat propagation or infinite speeds of propagation, Ox
as described by several authors [1,10,12-14]. If we consider, Time 7 is the thermal relaxation time.e. the build-up

for example, a flat slab and a supply of heat is applied, at &me for the onset of the thermal flux after a temperature gra-
given moment, to one of its faces, then according to Eq. ()gient is suddenly imposed on the sample. It is associated with
there is an instantaneous effect to the rear. The same thingle phonon-phonon interaction after the start of the diffusive
occurs in the case of Fick’s (first and second) Laws of dif-heat flux. Ifr is small, then we can expand the heat flux in a
fusion, where the flux of the diffusing object (mass) reactstaylor Series around = 0 obtaining:
simultaneously to the concentration gradient leading to an

i i i 9q (z,1)
unbounded propagation speed. This conclusion, of course, qlat+7)=qz,t)+7 (5)
is physically unreasonable. K is a constant scalar, as in ’ ’ ot
the examples given above, then Eq. (1) becomes parabolighere we neglect higher order terms. Substituting Eq. (5)
(with a first-order derivative in time and a second-order onqnto Eq. (4) leads to:
in the spatial coordinate), while wave equations are hyper-

bolic (with second-order derivatives in both space and time q(a,t) + Té’q (z,1) - _k T (z,1) (6)
coordinates). This fact can be argued to assert that, accord- ’ ot Oz
ing to Eq. (1), the magnitude(r,t) propagates in a non-  This is the so-called modified Fourier's law, also known

wavelike manner, although nowadays, the theories based o Cattaneo’s Equation (we can find equations of the same
a wave treatment of its propagation have been successfullying as Eq. (4) for other wave fields, for example the first
used to interpret the experimental data in experiments relategick’s Law of Mass Diffusion due to a concentration gradi-

to the above-mentioned phenomenon. ent, for which a similar analysis can be performed). On the
To rectify the above-described weaknesses, one can redgther hand, at each time instantand for each point, the
fine the operatof'as law of energy conservation (neglecting heat generation) lauds
P 1 9?2 ) (for other fields one must use the corresponding continuity
=53z +6 (2)  equation)
introducing the second time derivative, wherés a parame- . OT (z,t)
ter having the dimensions of a velocity. Consequently Eq. (1) —divg (2,t) = pe—7p— (7)

becomes hyperbolic (note its analogy with the simplest form

of the well-known telegraphist equation resulting when theVherep is the density and is the specific heat.
From Egs. (6) and (7) we can obtain the so-called hyper-

inductance is incorporated into Ohm’s law for an electrical ’
conductor, implying that electromagnetic signals propagat@©lic heat equation
with a finite velocity, in agreement with experimental evi- 2T (x,t) 10T (z,t) 1 9T (x,t)

dence). It is worth recalling that the term containifi§y is 922 P 2 om 0 (8)
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FIGURE 1. Schematic representation of the particular case |. At the top the form of the solutions of the generalized heat diffusion equation
with a periodic source is shown schematically. For lower frequencies we have non-wave behavior. For frequenciesJyetween,

damped harmonic waves appears while for higher frequencies the waves are non-attenuated, and they propagate through a ‘non-dissipatin
medium (Although, not medium exists with zero resistance, an equivalent situation can be obtained in practice by choosing the adequate
modulation frequency [10]).
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FIGURE 2. Schematic representation of the particular case II. At the top the form of the solutions of the generalized heat diffusion equation
with a periodic source is shown schematically. For lower frequencies we have non-wave behavior. For frequencies mtroattenuated
harmonic waves appears.
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wherea = klp c is the thermal diffusivity. The last term is the square of the complex diffusion wave numbgrde-
on the left hand side of this equation may help to solve thepending on the characteristic frequencies:

paradox of instantaneous heat propagation, introducing the
velocity u, related to the relaxation time and to the thermal
diffusivity through the relationshipy= (o / 7) '/2, whose
physical mean in the context of thermal waves has been dis-
cussed in detail elsewhere [10,13]. In some works a phase
lag in the temperature gradient vector was also introduced to
allow either the temperature gradient to precede the heat flux
and vice-versa, introducing a term proportional to the time
derivative of the second spatial derivative of the tempera’
ture field [15-17]. This is the so-called dual-phase-lag-model
A comparison between the results of the parabolic diffusio
model, the hyperbolic one and the dual phase lag model h%s
been performed elsewhere [18-20] for different cases of in-
terest. As expected, the differences between the three models
increase with the modulation frequency, due to of the effecB.
of the time delays between heat flux and temperature gradi-

el

we = DB? (12)
2

wp == (13)

wo = y/wrwe = uf (14)

Equation (11) represents the dispersion relation of the

problem being considered. The solution of Eq. (10) de-
pends, therefore, on the relative value of the modulation fre-
guencyw, respecting the characteristic frequencies given by
gs. (12) to (14). Different particular cases will be analyzed
ow.

Particular cases and discussion

ent. Itis a well-established fact that the dual-phase modefVe shall discuss the possible particular cases, which are il-
becomes a necessity for very high frequencies of the heatustrated in Figs. 1 and 2.

ing source (for example for metal slabs they are larger than
10'2 s71) [20]. Here, we shall limit our analysis to the clas-
sical hyperbolic case considering only the thermal relaxation
time, 7.

We can see that Eq. (3) represents a generalized equation
that can be used for the description of any kind of time vary-
ing diffusion phenomena. For large time scales compared
with the relaxation times, the second derivative term can be
neglected. This is the situation that most often appears in
praxis in phenomena such as the above-described (mass, car-
rier and temperature diffusive fields). Care must be taken,
however, in dealing with very fast processes such as those
that would be induced by ultra-short duration laser pulses that
can lead to situations where such physical-mathematical for-
malism is no longer valid and where the second time deriva-
tive must be taken into account.

In the presence of a periodic source of the fa@px )&,
the solution of physical interest of the problem for the appli-
cations considered here is that related to the time-dependent
component of the solution to Eq. (3). If we separate this com-
ponent from the spatial distribution, the field magnitude can
be expressed as:

¢ (z,t) = Re[O (z) exp (iwt)] 9)

Substituting in Eqg. (3), we obtain, for the spatial compo-

nent, the equation:

O _pow=o (10
where
¢ = (%)2 {W?;L {1 +ic] - 1}
ez e

Case l: w, < wg < wy,

This occurs foru > Df as we can easily see from
Egs. (12) to (14) (Fig. 1). This is a common practical
situation, as we shall discuss later in this section.

Case l.l: w < w¢

One has
9 w2 [ rwo\2
7= (G) () (15)
Asw < wy
¢ =5 (16)
The solution to Eq. (10) has the form
Ora (z) = Ora0exp (—fz), 17)

i.e, there are no waves for frequenciessuch that

w < [ u. In the above expression, as well as in the
following equations, the explicit form of the amplitude
term (hered; 4¢) is not relevant for the purposes of this
work (the frequency dependent amplitude terms can be
obtained using proper boundary conditions. Generally
the©(s decrease asincreases).

Case l.ll: w> w,
One becomes

2 _ (N [wL
¢=() -] (18)
Case LILA: w < wp(wr > we)
The wave number becomes
w o (1414)
q 5 m (19)
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i.e. their real and imaginary parts are equal to the in-particle interacting with it. Once this frequency is achieved

verse of the frequency dependent length(2D/w)'/2. in the modulation process, the medium becomes resistive, an
The solution to Eq. (10) is an attenuated wave givenattenuated wave field is imposed, and the characteristic decay
by: lengthu decreases with the increase in modulation frequency.
When the frequency equals the valug = »?/D, the mate-
Orra (2) = Or1a0 (w) exp <_ wx) rial becomes transparent to the propagating wave field, and
2D a non-attenuated wave propagates through the sample with
o the velocityu. This situation is equivalent to the hypotheti-
X €xp (—W 2Dx> (20)  cal case of a non-resistive mediuig. one with an infinite

diffusion coefficient,D — oo, where the transport of energy
This practical and very important case represents doses its diffusive character (the equivalent situation for elec-
mode through which energy is transferred to the surtromagnetic waves is the case of a non-dispersive medium,
rounding media by diffusion at a rate determined byi.e. a medium with negligible electrical conductivity, such as
diffusion coefficientD. The characteristic (diffusion) a vacuum). This wave can travel across the sample without
length, 11, gives the distance at which the propagatedattenuation and with velocity.
wave amplitude decays times from its value at the
surface. It can be interpreted as a kind of skin depth de- A5 mentioned above, the situation where> 3 is often
pending on the diffusion coefficienR), the relevantpa-  encountered in praxis. For example, for (hyperbolic) ther-
rameter for time-dependent diffusion processes withinya| waves,u is of the order of the sound velocity in the
homogeneous, isotropic materials. (It is similar to themedjum [10], and3 = 0. In this particular case, we have
skin depth in a metal;.=(2Ls,po)'/?, for electromag-  neitherw, norwe. This is the case of the thermal wave field
netic waves in an electrically conductive medium. In giscussed in detail elsewhere [10]. It appears as the solu-
that case, as is well known, a dispersion relation is detjon to the heat diffusion equation in the presence of mod-
fined assigning the photons a frequenay, depending  yjated heat sources. For the frequencies often encountered

on the wave numbek. as in PA and PT experiments, we have attenuated parabolic
5 . 1/2 waves. A typical example which illustrates this particular
ke = ((wp/ o)+ WpPU) ; case is the so-called thermal wave. Although nowadays the

i i o ) _ thermal wave concept has become of great interest for the
wherec s the velocity of light in the medium with per- 114 nation and interpretation of photothermal and photoa-
meabllltyp and electrlc_al conduc;uwtyr). The diffu- __coustic phenomena and techniques [21], it is worth mention-
sion length can be varied experimentally by changingi,, here that several authors have demonstrated that there is
the modulation frequency, permitting depth profil- -, *\yave nature in this concept by showing that parabolic
ing. Equation (20), therefore, represents an attenuatefo;ma| waves do not transport energy [22] and by demon-
wave. Between the excitation and the response of theya4ing the reflection- and refractionless nature of parabolic
sample there is a phase-lag given by the terfpXin — ,01m5) wave fields [23]. However, as mentioned above, the
the complex exponent. analogy with waves enables the description of a number of

Case LILB: w > wr(wr > we) phenomena related to time varying heat transfer phenom-
ena, some of which are described in detail elsewhere [24].
In experiments performed under (now idealized) conditions
such that frequencies > w;, can be obtained, one can be-
come a hyperbolic non-attenuated wave field in which phe-
nomena such as second sound propagation in solids can be
At a given frequency, it travels across any sample studi_ed [1_0,13—14,25,26]. Hyperbolic heat transport has glso
without attenuation and with velocity. received increasing attention for the analysis of practical
problems involving a fast supply of thermal energy (for in-
By analyzing the results obtained for these cases, we castance heating of materials with intense ultra-short-duration
reach the following conclusions. Until a critical frequency laser pulses [27], transient hot wire measurements of ther-
we = Dp? is reached, there are no wave fields propagatmal conductivity in nanofluids [28], gravitational collapse
ing through the sample. The energy transfer is governing byf stars [29], and many others), as well as due to theoreti-
a classical diffusion equation. The frequengy can be in-  cal motivations regarding the peculiarities of hyperbolic heat
terpreted as the inverse of a characteristic time after whiclpropagation in different media and under dissimilar condi-
the energy carrier “disappears” in an energy conversion protions [30-33]. In this case, the characteristic time constant
cess. This time can be for example the carrier recombinationan also be related to the “memory” effects of the correspond-
life-time in a semiconductor, the time after which a propa-ing flux for systems where the propagation speeds are small
gating photon is absorbed in a turbid medium or the time af{economic and biological systems have been described else-
ter which a heat carried phonon gives its energy to anothewhere [34] using diffusion equations, and they are examples

Now the wave number becomesiw/u, and the solu-
tion to Eq. (10) is a non-attenuated, harmonic wave:

@113 (:E) = @1130 (w) exp (71%%) (21)

Rev. Mex. . E55 (1) (2009) 85-91
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where memory effects are quite relevant, since humans makehereu > Dg, there are attenuated thermal waves for fre-

decisions according to their previous experiences). guencies lower thaw; = u?/D, at which the material be-
On the other hand, when we s@t#0 andd?/0t> —0,  comes transparent, permitting wave propagation without at-

it becomes the typical situation encountered in plasma wavtenuation. These behaviors are shown qualitatively in the top

experiments with semiconductors, photon diffusion throughparts of Figs. 1 and 2. Note that the amplitude of the signal

dispersive media, etc, whete, =32, i.e. the square of the always decreases asincreases.

inverse of a typical length, as described in Ref. 1. In this

casew; — oo, and we have an attenuated wave whenever .
w > we. 4, Conclusions

Case ll.: wy < wy < we In summary, the phenomenological aspects described here
suggest the possibility of dealing in advanced or introduc-
tory physics courses with concepts related to diffusion waves.
Although numerous attempts have been made to give a phe-
nomenological explanation of different kinds of diffusion
Case ll.l: w < wo waves, a generalized equation analyzed here should be of
great pedagogical interest. Since this equation describes
many kinds of diffusion phenomena, it can be applied to all of

It is illustrated in Fig. 2 and takes place for< Dg.
Although it is a less common situation, the analysis of
this particular case can also be of interest.

One has, as in case .|

9 w\2 [ fwo\2 them, with the proper interpretation of each particular phys-

T = (ﬂ) {(w) - 1} (22) ical situation. Although extensive theoretical work has been
published before in the field of diffusion wave fields (the ma-

Case IlLLA: w < wy jority of them related to parabolic and hyperbolic heat dif-

fusion), and several attempts to give analytical solutions of
the involved equations exist for different cases of practical
¢ = B> (23) and academic interest, the discussion of the limiting cases of
the corresponding dispersion equation in the frequency do-
The solution to Eq. (10) has the form given by Eq. (17).main performed here, and the qualitative, phenomenological
discussion of the solutions to the wave equation in the case
of periodical sources, should be significant for teaching pur-
Now the wave number becomgsiw/u, and the solu-  poses. The discussion of the analytical solutions to the pro-
tion to Eq. (10) is a non-attenuated, harmonic wave posed equation must be limited to special cases and it is be-
which is described by Eq. (21). yond the scope of this article. Thus we feel that the approach
Case LIl w> w, (W wp,w > w) pre;ented in th?s study is _plz_iusible and satisfying Witho_ut in-
volving excessively sophisticated mathematical techniques.
As in case Il.1.B, the wave number becomgsw/u,  Although part of the questions discussed here is not new,
and the solution to Eq. (10) has the form given by hopefully the basic ideas presented here will aid in opening
Eq. (21). the literature associated with this theme to a wider audience.
This work represents a step towards the consolidation of this
objective and towards the better interpretation of periodically
Excited diffusion phenomena. It is worth remembering, be-

: X . ‘ fore concluding, that the first wave treatment of periodical
parent material W'th. velocity. _For Iqwer frequencies, there henomena dates from the 1820’s when Fourier [35] showed
are no waves. The field magnitude is mdepgndent of th_e MOGhat heat conduction problems could be solved by expanding
ulation frequency and undergoes attenuation determined q

¥mperature distributions as series of waves. Two centuries
the value of the3 parameter [see Eq. (17)]. Note that for b

. later, the concept of diffusion waves still receives the atten-
frequencies much lower than,, the wave number become

S .. . . .
zero [see Eq. (11)] and the Diffusion Equation [Eq. (10)] tion of scientists from several fields of research.

becomes the Laplace Equation, with a linear decreasing de-
pendence of the field parameter on the coordinafEhere is Acknowledgements
no frequency dependence in the field magnitude either.
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Case ll.I.B: w > wy

We have seen that far < Dg, one has only a (non-
attenuated, harmonic) wave field whenever we exceed th
critical frequencyw.. This field propagates through a trans-
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